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Abstract

This paper presents a methodology for using the data of a near-infrared two-colour pyroreflectometer employed
on solar-thermochemical reactors for hydrogen production. The goal is to retrieve the state variables of a redox material:
temperature and reduction extent. The retrieval is based on Bayesian inference and maximum likelihood estimation. Initial
results on synthetic measurement data and emissivity models are presented including a constraint posed by a known
physical relation on the redox material state. The comparison between one- and two-colour measurement data shows the
advantages and the limitations qualitatively.

1. Introduction

Highly concentrated solar radiation can be used in solar-thermochemical water splitting to produce hydrogen as
an energy carrier. This production pathway shows a high efficiency potential as an alternative to PV coupled to electrolysis.
In solar tower plants, receiver-reactors convert high temperature heat to chemical energy in a two-step redox cycle. At the
heart of the process is the redox material, commonly ceria (CeO-), chosen for its mechanical stability and fast reaction
kinetics. Firstly, in the reduction step, the ceria is reduced at about 1500°C and at low oxygen partial pressure. Secondly,
in the oxidation step, at around 1000°C, it splits water to hydrogen [1].

In the development of such solar-thermochemical reactors, the state of the employed redox materials plays a
crucial role. Monitoring of its condition is essential in the harsh reactor environment created by highly concentrated solar
irradiation and the above described temperature swings. Thermocouples are frequently used within demonstration reactors,
but at the temperature conditions above 1000°C [2| 3] they are costly and their uncertainties high due to the radiation
dominated heat transfer. Furthermore, new reactor designs with moving redox materials [4, 5} 6] complicate the positioning
and wiring of such contact thermometers.

For these reasons optical sensing is considered as an alternative. Although IR cameras are employed within
a number of solar-thermochemical demonstration reactors the interpretation of their output remains ambiguous [7,, [8].
Background radiation by hot reactor parts and the inherent contamination by sunlight have to be considered as well. Apart
from that, one of the most persistent problems remains the changing emissivity of the redox material. In the case of
ceria it has been observed that the emissivity depends both on temperature [9] [10] and on reduction extent [11]. To the
author’'s knowledge no study has yet provided a simultaneous characterisation of both influences at the relevant operating
temperatures.

While the temperature is important from the point of view of reactor safety and material stability, the reduction
extent contains information about chemical state of the material that is important to understand the system and useful to
monitor the reactor operation.

The redox material in itself is a topic of ongoing research. Besides different alternative materials, recent advances
in additive manufacturing have opened up a new design space for three-dimensional structures beyond the widely used
reticulate porous ceramics [1]. To compare different structures optical sensing can be used as it adds the spatial resolution
that thermocouples cannot deliver.

Pyrometric data from a single source is often not reliable enough to pose a well constrained problem. This
article describes how the methodology of Bayesian inference can be employed to combine data from multiple sources
and wavelengths. A similar methodology has recently been used to analyse multi-spectral pyrometer data with unknown
emissivity values [12]. However, the application to dual wavelength data with measured emissivities is new.

This article first describes the measurement principle of a pyroreflectometer. Section|[3|then introduces the inverse
problem and the solution based on Bayesian inference and maximum likelihood estimation. Further details on how known
relations on the material state can be taken into account are given in Section Section [4] demonstrates the application
to a single-wavelength observation on different types of synthetic emissivity models. Finally, a second wavelength is added
and the improvement qualitatively compared. In Section[5]a brief conclusion and the outlook are given.
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2. The measurement device

The measurement device employed is a two-colour pyroreflectometer. For a detailed description of the measure-
ment principle the reader is referred to [13]. The pyroreflectometer is a combination of a pyrometer and a reflectometer
each at two wavelengths which results in a total of four measurements at a time. The pyrometer part of the device mea-
sures the emitted radiance L at the two wavelengths separately. For the reflectometer part two lasers are directed at the
target and two photodiodes measure the returning normal-normal reflectivity p=>=. It can be related to the hemispherical
reflectivity p-" by introducing a diffusivity factor nq:

ot =g gt (1)

which lies between 0 (perfectly specular surface) and 1 (perfectly diffuse surface) with a maximum of 1/p>*(T, X)) - = for
any given wavelength and temperature

To infer the temperature T' and emissivities €1,0bs, €2,06s from the primary measurements L(Tr,1, A1), L(Tr,2, A2),
pH(T, A1) and p+ (T, \2) a system of two equations, one for each wavelength, needs to be solved:

L(Tra, M) = (1= mna(T)p™ (T, 1)) L(T, A1) )
L(Tr,2,A2) = (1 = m0a(T)p™ (T, A2)) L(T, As) (€©)
The true temperature of the target is determined by iteratively calculating the diffusivity factor nq4(7") until the

temperature T is the same for both equations. After a solution is found the device can also supply the emissivity of the
target at both wavelengths given by:

(1) p= (T A1) - (4)
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using Kirchhoff’s law under the assumption that the target material is in thermodynamic equilibrium and opaque
at the considered wavelengths.

3. Formulation of the inverse problem

All possible combinations of the temperature T" and the reduction extent § are combined in a state space. Knowl-
edge of the state can then mathematically be described as a probability density distribution over that space. This distribution
contains all uncertainties of the state of the system. Note that this way of displaying uncertainties contains more information
than just the two standard deviations of the two state variables separately, for distributions that are non-elliptical in shape.

Bayes’ theorem describes how knowledge of the state can be updated by taking into account new measurements
with their respective uncertainties. The methodology presented here follows the procedure described in Chapter 1.5 of
[14]. For the convenience of the reader the most important equations will be repeated here applied to the present case of
the two state variables {7, §}.

The probability density for the information on the state variables {7, §} given the measurement data, the so-called
posterior, is:

data | T,9) - p(T, 6)
p(data)

p(T, 5| data) = 24 ®)
where p(data | T, 6) is the likelihood, p(T', d) is the prior and p(data) can be viewed as a normalization constant
which is chosen such that the integral over the posterior distribution is equal to unity. The prior encodes any prior knowledge
on the state of the material. In the absence of prior knowledge a uniform prior p(data | T, ) = 1 is chosen.
The maximum a posterior (MAP) is the most likely state given by max(p(T, § | data)). For the standard deviations
in both state variables their respective marginal posterior distributions [14][Chapter 1.6.4.] need to be calculated:

p(T | data) = p(T, 5 | data) 7)
5

p(d | data) = Zp(T,é | data) (8)
T
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3.1 Likelihood of the observation

The likelihood term p(data | T, §) describes the probability of observing the measured data for a given state of
the material {T",6}. For convenience often the log-likelihood is used in the calculation and later converted back. Assuming
Gaussian uncertainties for the measured data with a zero-mean Gaussian distribution o ~ A/(0, ¥) leads to the following
formulation of the log-likelihood [15]:

1 _
log(p(Tovs, €1,€2 | T,0)) = —3 [T(T, 5)TE l1"(T, 0) +log|Z|+3- log(27r)} (9)

with the covariance matrix X and the residual vector between the observed and true data:

Tobs -T
T(Tv 6) = |[€1,0bs — EI(T, 5) (10)
€2, 0bs — EQ(T, 6)

The 3 arises because the residual vector is three-dimensional. Thus, it needs to be adapted if more measurements are
included. The diffusivity factor 74 is a latent parameter needed for the reflectivity conversion only, which is why it is not
included in the data but instead inferred by the algorithm along the way.

The values ¢, (T,0) and e2(T, §) represent the two forward models for the emissivity that the observed values
are compared against. They can be derived from measurements or simulations with their respective uncertainty adding
to the overall overall uncertainty ¥ = X,,s + Xmoa. For the purpose of this paper synthetic functions are used instead to
investigate different behaviours in a generic way.

Lastly, one point to note is the definition of measurement data. The output of the pyroreflectometer are the two
emissivities €; and e and the temperature T of the material. As they are derived simultaneously through Egs. and (3),
they are not independent from each other. The independent measurements are the two radiance temperatures Tr1 & T2
and two normal-normal reflectivities p=* (7, A1) & and p=* (T, X2). In case of independent variables the log-likelihood
function simplifies to a summation as the covariance matrix > contains only diagonal terms. However, this would require
models for the normal-normal reflectivity as a function the state variables. In this paper the emissivity models are chosen
instead as the more physically meaningful quantity.
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Fig. 1. Scheme of the Monte Carlo sampling with the input covariance matrix (left) and the output (right). Off-diagonal
terms appear because of the interdependence of the derived variables. An example is chosen with uncertainty estimates
ory, =10K ando,.,. =0.02sr .

The covariance matrix is determined from the primary measurements of the pyroreflectometers Tx 1, Tr,2, p- (T, A1)
and p* (T, \2) for which uncertainties or,, and o,1,1 can be directly given. Monte Carlo (MC) sampling is then used on
the pyroreflectometer Egs. (2) - (B) since there is no analytical connection between the primary and the derived mea-
surements. The MC sampling naturally handles the implicit and non-linear coupling through T and 7. An example of the
conversion of the diagonal covariance matrix for the independent primary measurements to the non-diagonal covariance
matrix for the dependent derived measurements is shown in figurefor uncertainties o7, = 10 Kand o,.,. = 0.02 srt.
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3.2 Constraint on the state

Known relations between the state variables pose constraints on the problem. They can be included as an
additional likelihood term p(5|T') in Eq. (6) [15]. For the analysed material ceria the non-stochiometric redox behaviour is
well described in literature [16]:

CeOy = CeOa_s + 302 . (11)

The reduction extent § describes the fraction of oxygen molecules removed from the fluorite lattice structure of the ceria
crystal. Interesting for the application in solar-thermochemical reactors is the region of § where the crystal phase stays
stable. For this regime an empirical relation for the reduction extent to the temperature at a given oxygen partial pressure
was reported by [16]. | follows the Arrhenius equation for redox reactions with parameters fitted to experimental and
modelled data (see table [T):

A-(po,)" - exp (FiF)
14+ A-(po,)~™ - exp (%) ’
with the activation energy dE = E,.q — Eoz, frequency factor A = A,.q/A.=, maximum reduction extent z and exponent m
as parameters and the ideal gas constant R = 8.314 J K™ 'mol~'. The uncertainty in oxygen partial pressure Opo, = 0.02%

corresponds to that of a typical pressure sensor (e.g. Pfeiffer CCT 363). The overall uncertainty o5 is then calculated via
Gaussian uncertainty propagation taking into account the uncertainties given in table[T]

6(p02 ) T) =z

(12)
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Fig. 2. The graph shows Eq. applied at different oxygen partial pressures po,. The transparent area around the
curves marks their respective 1 o interval as calculated from Gaussian uncertainty propagation with the uncertainties given
in table[7] Note that the function from [16] was only fit to pressure values up to 1 mbar so that the blue curve at 10 mbar is
an extrapolation which looking at figure 1 in [16] still seems reasonable.

Table 1. Empirical values with their respective uncertainties (standard deviation) for Eq. from [16]. Note that x does
not have an uncertainty since it is a fundamental limit of the reduction extent given by the crystal structure.

Parameter Value
X 0.35
A (8700 £ 800) bar™
m 0.218 +0.013
dE (195.6 + 1.2) kJ/mol

figure [2] shows the constraint from Eq.(12) for three different magnitudes of oxygen partial pressure that can
typically occur in the low-pressure reduction step of solar-thermochemical reactors. The lower the oxygen partial pressure
the higher the reduction extent at a given pressure. It is also visible that the absolute uncertainty in the reduction extent
grows with increasing temperatures and reduction extents which leads to the state being less constrained there.
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4. Application to synthetic emissivity data

The small number of state variables {7, ¢} permits to conveniently display the the posterior probability density
distribution as a contour over the two-dimensional state space (see Fig. . The constraint p(§|7") for a fixed oxygen
partial pressure represents a single line on that space. MAP marks the point of maximum probability for the state of the
material. The contours of the emissivity model, as a two-dimensional function over the state space ¢(d,T"), are plotted in
the background for orientation.
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Fig. 3. Plot of the posterior probability density (grey scale) over the T — 6 state space. In the background the contours of
the emissivity function (5, T) are shown. The constraint (Eq. (12)) is shown in orange. The MAP marks the maximum a
posteriori. For all plots 55 = 0.09 and m.q = 0.1 which leads to 0. = 0.135 = const. while o5 is calculated from Eq. (12).

The formulation of the problem Eq. (B) makes it possible to include general emissivity functions € (7, §) and
e2(T,0) which allows to asses the behaviour of the probability density for different scenarios. To test the retrieval of
the material state depending on the emissivity model, direct observation of the emissivity of the material is assumed.
This is possible for example with the two-colour pyroreflectometer described above. The only complication introduce by
working with such a derived observable is that the uncertainty cannot directly be quantified from the measurement. It is
instead calculated as described in Section and extracted as the maximum uncertainty of the emissivity from figure
oobs = /21,1 = 0.084. The uncertainty of the emissivity model is chosen to be o,,,4 = 0.1. Under the assumption of
Gaussian independent uncertainties the total emissivity uncertainty is given by o? = ¢2,, + 02,,4. For this paper a uniform
prior p(T, ¢) is used i.e. no initial knowledge on the state of the material is given a priori.

figure[3]shows the results for a single-colour pyroreflectometer. For the emissivity model three different behaviours
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Table 2. Emissivity models used in the formulation of the likelihood in Eq. (9)

Model type Mathematical formulation
H _ 2 . 2 . _ 4. maz(T)+min(T) _ 4 . maz(d)+min(s)
linear 6(5’ T) — maz(T)—min(T) T+ mazxz(6)—min(J) 64054 max(T)—min(T) 4 mazxz(6)—min(J)
converging €(8,T) = (1 - e‘°‘°°5'(T—1000)) (1 — e710009)

_ ; ; ; ; _ 1
non-monotonous | €(4,7") = 0.9 - sig(0.04 - (7' — 1000) + 120 - sig(0.02 - (T’ — 1500)) - (6 — 0.024)) with sig(z) = .=

are chosen. They are compiled in table[Zland chosen to generate emissivity values between 0 and 1 in the examined state
variable intervals.

is based on an emissivity model that is linear in both state variables as the simplest case. Because of this the
influence of the increasing uncertainty of the constraint with increasing values (see figure [2) can be seen in the slightly
broader top end of the posterior distribution.

One step more complicated is the converging emissivity behaviour shown in and Here the emissivity
asymptotically grows towards the maximum value. The model is adjusted such that at low reduction extent the increase of
the emissivity with reduction extent is much faster than with temperature. This serves to mimic qualitatively the behaviour
reported by [T0] and [11]. [3b] and [3c] differ in the value of the chosen observed emissivity .. The effect of the emissivity
plateau on the probability distribution is highlighted here. The strongly elongated probability distribution in figure [3c|means
that the reduction extent is practically non-identifiable since the probability density extends infinitely in §-direction [17]. This
is a strong indicator that more data is needed.

[3d] shows an example of an even more complicated emissivity behaviour that is non-monotonous. The resulting
posterior is a multi-modal distribution with multiple possible reduction states of the material as can be seen from the
marginal probability density in delta (see Eq. (8)) that is plotted on the side (black line). Such a behaviour of the emissivity
function is in principle possible. Here the practical identifiability is still given but the uncertainties in 7" and § become
very large. Note that this illustrates a case where the standard deviations alone do not capture the circular shape of the
distribution that can be seen in the two-dimensional plot.

For all cases the standard deviations become much larger with increasing observational or model uncertainty. On
the other hand, changing the pressure value in the calculation of the constraint, does not influence the uncertainty as much
as the maximum a posterior (MAP).

To further constrain the state of the material, the second wavelength of the pyroreflectometer is considered as well
in figure[d] In[4a]the combination of two different converging emissivity models with slightly different values ez = 0.95 - €,
and slightly different observed emissivities (e1,00s = 0.65, €2,00s = 0.6) are shown. It is observable that this constrains the
posterior distribution further although not to a high degree. In[4b]a scenario with different emissivity models at the different
wavelengths is examined. Here the addition of the second wavelength solves the ambiguity seen in figure Thus, in
such a case the second wavelength is particularly valuable.

5. Conclusion and Outlook

This paper presents a Bayesian inference method that can be used to retrieve both the temperature and the
reduction state of the material from two-colour pyroreflectometer data of a redox material. First analyses with synthetic
data showed potential issues of non-identifiability and ambiguity; the latter of which could be resolved by including more
data at a second wavelength.

For the future the first step will be to use an emissivity model based on measurements of ceria emissivity in a
laboratory setup. The uncertainty of the model can then be characterized by the measurement uncertainty and will not be
constant over the state space any more. Moreover when integrating real emissivity measurement data, its uncertainty will
also depend on the value measured. To improve the calculation of the measurement uncertainty, working directly with the
primary measurements from the pyroreflectometer instead of the derived emissivity values is foreseen.

The Bayesian inference methodology makes it easy to add constraints as described in Section Further
constraints could include known limits on the temperature and reduction extent and temperature data from other sources
like IR cameras and thermocouples. If the methodology is applied not only to a snapshot of the material state but to the
reactor operation as a whole, constraints on the time-evolution of the state variables become interesting as well.

Lastly, the mathematical structure of the described method makes it possible to directly apply machine learning
for parameter estimation using physics informed models learning from the noisy, observed data.
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Fig. 4. Plot of the posterior probability density (grey scale) over the T — 6 state space. In the background the contours of
the emissivity functions €1 (8, T) in grey and e>(8,T') in colour are shown. The constraint (Eq. (12)) is shown in orange. The
MAP marks the maximum a posteriori. For all plots oo,s = 0.09 and 0.,,,¢ = 0.1 which leads to o = 0.135 = const. while
os Is calculated from Eq. @ In the addition of the second wavelength solves the ambiguity present in figure@
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